J Glob Optim (2007) 39:427-440
DOI 10.1007/s10898-007-9147-z

ORIGINAL PAPER

Sufficient global optimality conditions for weakly convex
minimization problems

Z.Y. Wu

Received: 2 June 2006 / Accepted: 2 February 2007 / Published online: 2 March 2007
© Springer Science+Business Media B.V. 2007

Abstract In this paper, we present sufficient global optimality conditions for weakly
convex minimization problems using abstract convex analysis theory. By introducing
(L, X)-subdifferentials of weakly convex functions using a class of quadratic functions,
we first obtain some sufficient conditions for global optimization problems with weakly
convex objective functions and weakly convex inequality and equality constraints.
Some sufficient optimality conditions for problems with additional box constraints
and bivalent constraints are then derived.
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1 Introduction

Sufficient optimality conditions in global optimization for some special kinds of
nonconvex optimization problems have been studied by many researchers (see for
example [1-6,10] and references therein). Recently, a new approach for establishing
sufficient conditions was suggested in Refs. [7,8,12,15]. This approach is based on abs-
tract convex analysis (see, for e.g., [9,11,13]) as (L, X)-subdifferential and L-normal
cone, where L is a set of real valued functions defined on R”, X C R”".

Z.Y. Wu (X)
Department of Mathematics, Chongqing Normal University, Chongqing 400047,
People’s Republic of China

Present address:

Z.Y. Wu

School of Information Technology and Mathematical Sciences, University of Ballarat, Ballarat,
3353 VIC, Australia

e-mail: z.wu@ballarat.edu.au

@ Springer



428 J Glob Optim (2007) 39:427-440

It was shown in Refs. [7,8,15] that (L, X)-subdifferential with respect to certain
sets of quadratic functions can be successfully applied to derive sufficient global
optimality conditions for nonconvex problems with a quadratic objective function
subject to quadratic constraints and/or box constraints and bivalent constraints.

In this paper, we extend the approach based on abstract convexity for examination
of a large class of optimization problems with weakly convex functions involved (see
Definition 2.1). The class of weakly convex functions is very large: an arbitrary C?
nonconvex function defined on a compact setis a weakly convex function. In this paper,
we study the global optimality conditions for optimization problems with weakly
convex functions involved using (L, X)-subdifferentials where L is the following set
of quadratic functions:

L={:1x)=a|x|*>+xT8, « €R, B eR"}.

Let H be the set of L-affine functions A(x) = I(x)+¢, [ € L,c € R. Abstract convexity
with respect to the set H has been studied by many authors (see [9,11] and references
therein).

The layout of the rest of the paper is as follows. Section 2 presents the notions
of (L, X)-subdifferentials, L-normal cones, and weakly convex functions. Sufficient
conditions for a class of nonconvex minimization problems are presented in Sect. 3.
This section contains also description of (L, X)-subdifferentials and sufficient condi-
tions for global minimizers of weakly convex problems. Section 4 derives optimality
conditions for some special cases of weakly convex minimization problems.

2 Preliminaries

In this section, we present basic definitions that will be used throughout the paper.
We use the following notation: Ry = R U {400}, R" is an n-dimensional Euclidean
space with the inner product (x,y) = >, x;y; and ||x]| = /{x,x). Let X be a set
and f: X — Rys. Then domf:= {x € X : f(x) < +o00}. A function f: X — Ry
is called proper if domf # @. Let H be a set of functions ~: X — R. A function
f: X — RU {+o0} is called abstract convex with respect to H (H-convex) at a point
X € X if there exists a set U C H such that sup{h(x) : h € U} < f(x) forallx € X
and f(xX) = sup{h(x) : h € U}. If f is H-convex at each point x € X then f is called
H-convex on X.

Let L be a set of finite functions defined on R” and X C R”. Let f: R” — R4 and
xo € domf. An element / € L is called an (L, X)-subgradient of f at a point xgp € X
respect to X if

fx) > f(xo) + L(x) — I(x0), foreach x e X.

The set 3., xf(x) of all (L, X)-subgradients of f at xo with respect to X is referred to
as (L, X)-subdifferential of f at xo with respect to X.

Let H;, be the set of all functions A(x) = I(x) — c with / € L and c € R. It is easy
to check that 97 xf(x) # @ if and only if f(x) = max{h(x) : h € supp (f, Hy)} where
supp (f, Hr) is the set of all functions # € Hy such that i(x) < f(x) for all x € X. So
the nonemptiness of L-subdifferential a7 xf(X) implies H; -convexity of f at x.

If L is the set of all linear functions defined on R” and X C R”" is an open convex
set then for any proper lower semicontinuous convex function f: R" — R4, and
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x € X we have 97 xf(x) = 9f (x), where df (x) is the subdifferential of f in the sense of
convex analysis.

Let D C R” and L be a cone of functions /: R” — R. The normal cone of D with
respect to L at a point x € D is given by

Nipx):={leL:Il(y)—I(x) <0 forany ye D}.
It is easy to see that
Nppx) =0Lx8p(x), xeD,
where X = R” and the indicator function §p: R — R, is defined as

0 if xeD,

8D(x):[+oo if x¢D

and 97 x8p(x) is the (L, X)-subdifferential of §p at x with respect to X. We know that
if D is a convex set, Np(x) = 98p(x), where Np(x) is the normal cone of set D in the
sense of convex analysis. Observe that if L is the set of all linear functions defined on
R, D is a convex set, then

Np.px) = 0L x8px) = 05p(x) = Np(x)

for any x € D, where X = R".

Definition 2.1 Let X C R” be a convex set and let p be a real number. A function
f: X — Ris said to be a p-convex function over X if there exists a convex function
h: X — R such that f(x) = h(x) + p|lx||> for any x € X.

If p < 0, then f is said to be a weakly convex function over X.

It is known (see [9] and references therein) that a function f is p-convex if and only
if f is p-paraconvex, that is

fax+ 1 —0y) <tf@x) + (1 —f ) — pt(1 = Dx — y|?

forallx,y € R"andt € (0,1). Definition 2.1 is given in Ref. [14] for X = R". Obviously,
if p > 0, then f is a convex function on X. In this paper, we consider optimization
problems with weakly convex functions involved.

3 Sufficient global optimality conditions
3.1 Sufficient conditions in terms of (L, X)-subdifferentials and L-normal cones

Consider the following optimization problem (P):
minimize go(x) subjectto gi(x) <0, i=1,...,m, xE€S, (3.1

where S C R” and g; is a function definedonaset X D §,i=0,1,...,m. For a given
A= (.. )T € R, define

Fo(x) : = go) + D_ higi(x), (32)
i=1
C:i={xeS|gx)=<0,i=1,...,m}. (3.3)
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Theorem 3.1 (Sufficient conditions for global minimizer) Let L be a set of real-valued
functions defined on R" and —I € L for each | € L. Let x € C. If there exists a
A=yl € R’ such that 1;g;(x) =0,i =1,...,m and

— 0L xFr() N NLs(x) # 0 (34)
then x is a global minimizer of problem (P).

Proof Let x € C. The condition (3.4) implies that there exist A € R’ such that
rigi(x) =0,i=1,...,mand [ € Ny s(x) with —/ € 97 xF,(x). Then,

80(x) — go(¥) = Fi.(x) — F.(%) = —I(x) +1(%).

The inclusion [ € Ny, s(x) implies that /(x) — [(x) < 0. Hence, go(x) — go(X) > 0. Since
x € C s arbitrary, x is a global minimizer of problem (P). O

In Sect. 4, we will apply Theorem 3.1 to examine some problems with p-convex
functions involved.

Corollary 3.1 Let g;,i =0,1,...,m be proper lower semicontinuous convex functions
on R", S C R" be a convex set and let x € C. If there exists a . € R} such that
Aigix) =0,i=1,...,mand

—3dF, (X)) N Ns(x) #0 (3.5)
then X is a global minimizer of problem (P).

Proof The conclusion follows from Theorem 3.1 by taking L as the set of all linear
functions defined on R”. 0

3.2 (L, X)-subdifferential of continuously differentiable functions

In this paper, we mainly consider the following set L of elementary functions:
L= {l [ Ix) = x> +x7B, a €R, B e R”} . (3.6)

In order to apply the sufficient conditions given in previous subsection we need to
calculate L-subdifferential with respect to a set X for some classes of functions.

Let f be a continuously differentiable function defined on an open convex set
X D S. We begin with the description of d;_xf(x) under some assumptions.

Theorem 3.2 Let X = (Xy,....%,) € S, [ € L with [(x) = a|x|*> + pTx and let ¢(x) :=
f(x) — I(x). Assume that ¢(x) is convex on X and f is continuously differentiable at x .
Then | € 3, xf(X) if and only if 2ax + p = Vf(X).

Proof By definition, € 3, xf(¥) with I(x) = «||x||* + 87 x if and only if
I(x) —I(x) < f(x) —f(x) foranyx e X, 3.7)
1.e.,
¢(x) —eXx) >0 foranyx e X.

Thus, / € 9z xf (%) if and only if X is a global minimizer of ¢(x) on X. If ¢(x) is convex
on X and if ¢(x) is continuously differentiable at X, then x is a global minimizer of
¢(x) on X if and only if Vo (x) =0, i.e., 2ax + 8 = Vf(X). a
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Remark 3.1 Let f be a continuously differentiable weakly convex function defined on
X, where X D Sis an open convex set. It follows from Theorem 3.2, that 97, xf(x) # ¢
for any x € S, which implies that f is Hy -convex on S, where H;, = {l+c |/ € L,c € R}.
But conversely, if f is Hy-convex on S, then f may not be a p-convex function on S.

3l
For example, let f(x) = [g sin(3) i > 8’ and let S = R. By Ref. [11], we know that

fis an Hj,—convex function if and only if f is lower semicontinuous and there exists a
h € Hj such that f(x) > h(x) for all x € R. Obviously, f is a continuously differentiable
Hj —convex function on R, but we can easily verify that f is not a p-convex function
on R.

Corollary 3.2 Let x = (X1,...,X,) € S, € L with I(x) = a|x)|?> + BTx and let f be
twice continuously differentiable on X, H(x) be the Hessian matrix of f at a point x and

= inf  yTH®)y. 3.8
wfx xEX,IIyII:Iy (X)y (3.8)

Ifuf,X > 2a, then | € 9, xf(X) if and only if 2ax + p = Vf(X).

Proof Let ¢(x) := f(x) — I(x). Since f is twice continuously differentiable on X and
200 < puf,x, we have that ¢(x) = f(x) — I(x) is convex on X. The result follows from
Theorem 3.2. a

Note that if X is a bounded set, then for each twice continuously differentiable
function f on X there exists a p such that f is a p-convex function on X. Indeed,
ufx > —oa since X is bounded.

Consider a continuously differentiable function f. Assume that the mapping x
Vf(x) is Lipschitz continuous on X:

v -V
Kfx = sup IVf () = VIO < +o0. (3.9)
x,yeX x#y llx — Y||

It was shown in Ref. [12] that such a function can be represented as the minimum of
a family of functions of the form h(x) = I(x) + ¢ with / € L and ¢ € R. The explicit
description of this family also was given in Ref. [12]. Using this description we can
characterize some elements of the (L, X)-subdifferential.

Proposition 3.1 Let x € S and let X be a convex open set containing S. Assume that
[ is a differentiable function defined on X and (3.9) holds. Let « < —Ky x. Then, for

l(x) = oc||x||2 + ,BTx, it holds | € 9y, xf(x) if and only if 2ax 4+ B = Vf(X).
Proof Foranyt e X, leta < —Ky x and let fy(x) := f(®) + (Vf(®),x — 1) + alx — kK
and ,(x) == a||x||?> + (Vf(#) — 2at,x). Then,

i) =4Lx) + () = L(Q).

First, we prove that f(x) = max,cx fi(x), x € X. Applying the mean value theorem
we can find for each x,y € X a number 6 € [0, 1] such that:

(—f@) = (—f) = [~V +6x —y),x —yl, 6€[0,1]
therefore
fO) =FO) +IVF@),x =yl = [=Vfy +0(x =) + V(). x —y]
< I=Vfy+ 0 — )+ VFWllllx — yl
< Ky x0lx —ylI* < Krxlx — ylI* < —afx — y|*.
&\ Springer
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This means that

FO) = fO) + VD), x =yl +alx — ylI* := f,(x), x€X.

Since f(x) = fi(x) it follows that f(x) = max,cy f;(x) for all x € X. Thus, for any given
X € S, we have that

F) = frlx) = k(@) +f(0) — k(Xx), VxelX.
Thus, for iz (x) = allx|? + (Vf(x) — 2ax,x), it holds Iz € dr, xf(X).

Conversely, if I(x) := alxl? + BTx € dr.xf(x), then X is a global minimizer of
f(x) —I(x) on X. Thus, x is a local minimizer of f(x) — I(x). Hence Vf(x) — VI(X) =
Vf(x) —2ax — B = 0 since X is an open set. a

For any twice continuously differentiable function f we have
Krx > nrx,

where Ky x and urx are defined by (3.9) and (3.8), respectively. Indeed, for any
X,y € X,x # y, there exists a 6 € [0, 1] such that

IVf) = VI _ IHG +0(x = y)x =yl

Krx > — —
llx — yll llx —yll
J —WTH(y +6(x — y)(x —y)| e —WTH(y +6(x — y)(x —y)
- llx — yII? - llx = ylI?
> Ufx-

A description of L-subdifferential for quadratic functions has been given in Ref. [8].

Proposition 3.2 Letx = (xq,... gl eS X bean open convex set containing S, l € L
with I(x) = a||x||> + B x and let f be a quadratic function with f(x) = %xTBx +bTx+c,
where B is a symmetric matrix. Let up be the minimal eigenvalue of matrix B. Then
l e dr xf(x) ifand only ifa < up and p = b + (Bx — 2aX).

3.3 Sufficient conditions for global minimizers of p-convex problems

In this subsection, we will give sufficient optimality conditions for some p—convex
programming problems (P) defined by (3.1).

Theorem 3.3 Let X = (%1,...,%,) € C and let X be an open convex set such that
X D S. Assume that go and g;,i = 1,...,m are continuously differentiable on X. For
ae€R B=(Bi,....pn)T € R" consider the function lap(x) = allx||2 4+ BTx. If there
exist A = (A,....am) ! € R and a € R, B € R" such that

F5.(x) + «||x||? is convex on X,
—2ax — B = VF,.(X) (3.10)

and

rigix) =0,i=1,...,m,
log € NLs(X)

then x is a global minimizer of problem (P).
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Proof By Theorem 3.2, we know that if there exist « € R and 8 € R” such that (3.10)
holds, then —/, g € 91 xF).(x). If also Io g € Ny s5(X) thenl € —0;, xF3(X) N N s(X).
Thus, the result follows from Theorem 3.1. |

Letgoand g;, i =0,1,...,m be p;-convex functions on X, then there must exist p;,
such as, p, 1= po + >y Aipi such that F; is py-convex. In such a case there exist «
and 8 such that (3.10) holds. (See Remark 3.1.)

We now show how to choose numbers p; and p, in the case of quadratic functions.

Letg;,i =0,1,...,m be quadratic functions with g;(x) = xTApx+ aiTx, i=0,1,...,m,
where A;,i =0,1,...,m are symmetric matrices. For a given A € R, let
m
Ay = Ao+ D NA;. (3.11)
i=1

Then, here we can take
o= p(An), pi=ulA), i=1,....m
or take
m
pr = 1(A0) + D hip( A,
i=1

where (A) is the minimal eigenvalue of A. Note that here u(A;) and u(Ap) +
>, Ain(A;) may be different and generally, u(Ay) > u(Ao) + D ity Aip(Aj).

Consider now twice continuously differentiable functions g; defined on X, where X
isaboundedset. Let G;(x) and H, (x) be the Hessian matrices of g; and F , respectively.
Then we can take

;< inf  y'Gix)
P Bex? VY

and
pp < inf yTHA(x)y.

T yll=lxex

4 Sufficient conditions for special cases of p-convex problems

In this section, we give sufficient conditions for some classes of p-convex problems.

4.1 Problems with p-convex inequality constraints

Consider the following problem (WP1):
minimize go(x) subjectto gi(x) <0, i=1,...,m, xeR", 4.1)

where g;,i = 0,1,...,mare p;j—convex functions on R”. Let X = R”. It was mentioned
in the previous section that for each A € R’ there exists p, such that the function

Fo.(x) = go(x) + X7 Aigi(x) is pp-convex.
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Theorem 4.1 Let A = (A1,...,. AL € R be a vector such that Aigi(x) = 0, i =
1,...,mand let p) be a number such that F) is p,- convex. Let x = (xq,... ol e
Assume that g;,i = 0,1...,m are continuously differentiable on R". If p; > 0 and

m
Vgo(®) + D AiVgi(®) =0
i=1

then x is a global minimizer of problem (WP1).

Proof LetI(x) = —p; ||x||*> + Bx, where B € R”. Then, we can verify that / € Nprn(%)
if and only if

on >0 and B =2p,Xx.
Indeed, / € Ny rn (%) if and only if for any x € R”,
—pallxI? + Bx — [=pal|FII + BX] = —pylx — I + (B = 2mB)(x = F) <0,
which is equivalent to
on >0 and B =2p,X.

By definition of p;, the function F; (x) — p; [|x||? is convex on R”. Furthermore, we
can easily verify that if Vgo(¥) + >, A;Vgi(x) = 0, then the condition (3.10) holds.

Thus, the result follows from Theorem 3.3. a
Corollary 4.1 Let x = x1,....%0)7T € C. Assume that gi,i = 0,1...,m are conti-
nuously differentiable p;-convex functions on X. Let » = (A1,...,Am)! € R’! be such

that Aigi(x) =0,i=1,...,m. Let

m
oy, = po + z)»ipi- (4.2)
im1

If o; > 0and

Vgo(®) + D AiVgi(x) = 0.

i=1

Then X is a global minimizer of problem (WP1).

It follows from Theorem 4.1 by taking p, = «;..
Consider now the following problem (WEP) with both inequality and equality
constraints:

minimize go(x) subject to gi(x) <0, i=1,....,m, hjx) =0, j=1,....,k, xeR"

where g; and h; are continuously differentiable function defined on a set X; g;(x) is
a p;-convex function, /;(x) is a yj-convex function, and —#; is a §;-convex function,
i=01,....mj=1,... k. Let Cg :={x e R" | gi(x) < 0,hj(x) =0,i=1,...,m,j =
1,...,k}.

The following assertion holds:
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Proposition 4.1 Let ¥ = (%1,...,%,)7 € Cg. Suppose that g;,hj,i = 0,1...,m,j =
1,...,k are as above and suppose that there exist . = (Ai,...,Ap) € R} and p =
(1. )] € R¥ such that Aigix) =0,i=1,...,mand
m k
Vgo(®) + D MiVegi®) + D 1 Vhix) = 0. (4.3)
i=1 j=1
If oy, > O, then X is a global minimizer of problem (WEP), where
m k
o = po + Z?»ipi + Z(Mf Vit 1 8, (4.4)
i=1 j=1

pL;’ := max{u;,0} and ,uj_ = max{—u;,0}.

Proof Obviously, problem (WEP) is equivalent to the following problem (WEP1):
minimize go(x)
subjectto gi(x) <0, i=1,...,m,
hi(x) <0, j=1,...,k,
—hj(x) <0, j=1,...,k,
x eR",
i.e., X is a global minimizer of problem (WEP) if and only if X is a global minimizer of
problem (WEP1). By Corollary 4.1, we know that if there exista » = (A1, ... AT e
R andap = (uq,... . € R¥ such that
ar, >0, rgix)=0,i=1,....m

and
m k k
VEo(®) + D hiVEi(E) + D VA + D (= Vhi(E) =0 (4.5)
i=1 j=1 j=1
then X is a global minimizer of problem (WEP1). Obviously, (4.5) is equivalent to

(4.3). Thus, if there exista A = (A1,...,An)T € R andap = (ug,... sl e RF such
that

>0, Agix) =0, i=1,....m
and (4.3) holds, then X is a global minimizer of problem (WEP). O

Note that Proposition 4.1 coincides with Theorem 5.2 in Ref. [14] and note that
all the multipliers of «;, are nonnegative, which can assure that the function go(x) +
> Aigi(x) + Z{‘(=1 wih;(x) is a a;,-convex function.

4.2 Problems with p-convex inequality constraints and box constraints

Consider the following problem (WP2):

n
minimize go(x) subjectto gi(x) <0, i=1,....m, xeS= H[u,-, vil,
i=1

(4.6)
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where g;,i =0,1,...,m are p;—convex functions on X, X is an open bounded convex
setsuchthat R” > X D S. Let U = (uq,...,un) .V = (vi,...,v)T. By definition
of pij-convexity, h;j(x) = gi(x) — pillx|2,i = 0,1,...,m is a convex function on X

(i =01,...,m). Let C = {x € [t lwi,vi]l | gix) < 0,i = 1,...,m}. For X =
&1y x)T e Clet

1L, xie(u,vy),

Xi:i=1 -1, Xi = u;, (4.7)
1, Xi = Vi,
X:= diag(x1,...,X,), (4.8)
-1, Xi € (Ww,vi),
Xii=1 -1, Xi = U, (4.9)
1, Xl = Vi
X:= diag(xy, ..., Xn). (4.10)
Theorem 4.2 Let X = (X1,...,%,)" € C. Assume that g;,i = 0,1,...,m are conti-

nuously differentiable p;-convex functions on X. Suppose that there exists a ) =
My i) T € R'Y such that 1;gi(x) = 0, i = 1,...,m. Let p, be a number such
that F,_is p,-convex. Suppose either of the following holds:

1. pp>0and
XVF, (%) <0, XVF) (%) < 0; (4.11)
2. pn<0andforanyi=1,...,n,eitherx;=u; or X;=v;and
XVFE,. (%) < p(V = U). (4.12)

Then, x is a global minimizer of problem (WP2).

Proof The function F; (x) — py|lx||? is convex on X due to the choice of p;. Let
B = 20X — VF, (%) and I(x) = —py||x||> + BT x. Let us check that if either (4.11) or
(4.12) holds, then / € Nz, s(x). Indeed, [ € Ny, s(x) if and only if

n
— D (i —%)7+ (B—2mX)(x—%) <0 foreachxes. (4.13)
i=1
Since § = H?:l [, vi], it follows that (4.13) is equivalent to

— P (i = X)? 4+ (Bi = 2pX)(x; — %) <0 foranyx; € [u;,vil, i=1,...,n.

(4.14)
1. Let p, > 0. Then (4.14) is equivalent to the following condition:
(@ Bi—2pmxi=—(VF(x)i =0 ifX € (ui,vi),
() Bi—2pXi=—(VF(X); =0 ifX; = u, (4.15)
© Bi—20xi=—(VF.(x); =0 ifx;=v;.
Indeed,

03.(x; — %)? — (Bi — 203%) (x; — X1) = 0 forany x; € [u;,vi]

if and only if X; is a global minimizer of convex function r;(x;) = p; (x; —¥:)> — (B —
20,%i)(x; — Xx;) on [u;,v;]. Consider separately three cases: X; € (u;,v;), X; = u;,
Xi = V.
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(a) Ifx; € vy, thenri(x;) = i —20:.x; = 0;
(b) LetXx; =u;. Then

3. (xi — u)* — (Bi — 2paui)(x; —u;) > 0 for any x; € [u;, vi]

if and only if —p) (x; — u;) + (Bi — 2p5u;) < Oforany x; € (y;,v;], i.e., Bi —
2p3u; < 05
(c¢) Letx; =v;. Then

03, — vi)? — (Bi = 203vi)(x; — vi) = 0 for any x; € [u;,v;]

if and only if —p(x; — vi) + Bi — 2p,vi = Oforanyx; € [u;,v)), i.e., Bi —
2ppvi = 0.

We have shown that (4.14) can be represented as (4.15). An easy calculation shows
that (4.15) implies (4.11). Conversely, by (4.7)-(4.10), we know that (4.11) also
implies (4.15).

2. Let p, < 0. We will prove that condition (4.14) holds if and only if either x; =
u; or x; = v; and

@ —pvi—u)—(VE®), <0 ifx =u,,

® —pr(i—vi) — (VE(©) =0 it = v;. (4.16)

Indeed, if there exists 1 < i < n such that u; < Xx; < v;, then by (4.14),
(Bi — 2p3xi))(x; — Xj) < Oforanyx; € [u;,v;]\{X;} since —p,(x; — )2 > 0 for
any x; € [u;,vi]\ {X;}. This is impossible.

If x; = u;, then

. (xi — )2 — (Bi — 2p3 %) (x; —Xi) = 0 for any x; € [uj, vi]
if and only if

—pr (Vi —wi) + (Bi — 2p3%1) = —pa(vi — up) — (VF(%))i < 0;
If x; = v;, then

pi(xi = %)* — (Bi = 2pX)(x — %) = 0 for any x; € [u;,vi]
if and only if

—p.(Ui —vi) + (Bi —2p:%1) = —pp(ui — vi) — (VFL(X)); = 0.

Thus, (4.14) implies (4.16). The converse implication can easily be verified. An easy
calculation shows that (4.16) is equivalent to (4.12). The desired result follows from
Theorem 3.3. O

Corollary 4.2 Letx = (xy,. .. ol e C Suppose that g;,i = 0,1...,m are p;- convex
continuously differentiable on X functions and suppose that there exists . € R} such
that Aigi(x) = 0,i =1,...,m. Let o, be defined by (4.2). If either of the following holds:

1. oy >0and

XVF,(X) <0, XVF,X <0; (4.17)
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2. oy <O foranyi=1,...,n, either X; = u; or x; = v;, and
XVE,(X) < o, (V = U), (4.18)
then, x is a global minimizer of problem (WP2).

Proof It follows from Theorem 4.2 by letting p; = «;. O

4.3 Bivalent problems with p-convex inequality constraints

Consider the following bivalent problem (WP3):
n
minimize go(x) subjectto gi(x) <0, i=1,....m, xeS= H{—l,l},
1

where g;,i = 0,1,...,m is a continuously differentiable p;-convex functions on X, X
is an open convex bounded set such that X D H’f[—l, 1. Let Cp :={x € H?{—l, 1} |
gilx) <0,i=1,...,m}.

Theorem 4.3 Let X = (X1,...,%,)] € Cp, X = diag(X). Suppose that there exists
A € R such that 1;g{(x) = 0,i = 1,...,m. Let p, be a number such that F) is p;-
convex. If

XVFE, (%) <2p1,  where 1=(1,...,1) (4.19)
then X is a global minimizer of problem (WP3).

Proof Let I(x) = —p; |Ix||> + B7x. Then, we can verify that [ € Ny 5(X) if and only if
Xp > 0.Indeed, ! € Ny s(x) if and only if

n
—prllx —X* + (B —2p:X)(x —%) <0 foranyx e [ [{-1.1},
1

which is equivalent to
—00 (i =X 4 (Bi —2pX)(x; —X) <0 foranyx; € {—1,1}, i=1,...,n.
As x; — x; = —2x; if x; # X;, we know that / € Ny, _s(x) if and only if
Bix; >0, foranyi=1,...,n,

ie, X B =>0.

Furthermore, if 8 = 2p;x — VF, (X), then condition (3.10) holds. Thus, if condition
(4.19) hods, then for I(x) = —p; ||x||> + (23X — VF;.(X)) T x, condition (3.10) holds and
[ € N s(x). Hence the result follows from Theorem 3.3. a

Corollary 4.3 Let X = (%1,...,%,)7 € Cp, X = diag(x). Suppose that there exist
A € R such that 1;8;(X) = 0,i =1,...,m. Let o, be defined by (4.2). If

XVF, (%) <21 (4.20)
then X is a global minimizer of problem (WP3).

Proof It follows from Theorem 4.3 by taking p) = a;. O
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Consider the relaxed problem (RWP3) of bivalent problem (WP3):

n
minimize go(x) subjectto gi(x) <0, i=1,....,m, x¢€ H[—l,l].
1

Corollary 4.4 Let x = (xq,... )T e Cp, X = diag(x). Suppose that there exist
A € R} such that Aigi(x) = 0,i =1,...,m and suppose either of the following holds:

1. pp>0and
XVF, (%) <0; (4.21)
2. pp <0and
XVF,.(X) <2p1. (4.22)
Then X is a global minimizer of both problem (WP3) and problem (RWP3).

Proof It follows from Theorem 4.3 and Theorem 4.2. O
Example 4.1 Consider the following problem:

1
(EP2) min go(x) = —gx% + x% + xpx3 + x% + sinxq + 2x1 — 4xp + 3x3 — 4x4,

st g1(x) =2x1 4+ 2x2+x3+x4 <0,
X)) =3x1 —x2+2x3 —4x4 +2 <0,
—-1<x<1,i=1,2,3,4.

LetC ={x e H?[—l,l] | gi(x) <0,i =1,2} and let x = (-1,1,-1,»T. Obviously,
xeC g1(x) =0,80(x) <0.Let pg := minxe]‘[‘l‘[—l,l],||y||:1 yTHO(x)y, where Hy(x) is
the Hessian matrix of gp at point x. An easy calculation shows that pg = —2. Let also
p1 = p2 = 0. Then g; is a p;-convex function (i = 0,1,2). For any A = (A1,42)7 € RZ
such that ;g;(x) = 0,i = 1,2, we have that A, = 0 and «) = —2. Then, we can easily
verify that for A = (%, 0)7, we have that

- 5 7 T
XVF, (X) = (—2, -2, —5.5 T cos 1) < (=2,-2,-2,-2T = a1,

i.e., condition (4.22) holds. Thus, it follows from Corollary 4.4, that X is a global
minimizer of problem (EP2).
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